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�� ,QWURGXFWLRQ� 7KLV SDSHU FRQVLGHUV WKH VROXWLRQ RI D ODUJH VFDOH HQWURS\ PD[LPL]DWLRQ
SUREOHP PRWLYDWHG E\ D SKDUPDFRNLQHWLF DSSOLFDWLRQ WR RSWLPDO GUXJ WKHUDS\� $ QHZO\ GHYHO�
RSHG ?0XOWLSOH 0RGHO �00�� PHWKRG >�@ RI LQGLYLGXDOL]HG GUXJ WKHUDS\ IRU SDWLHQWV LV EDVHG RQ
D FRQWURO SDUDGLJP WKDW XVHV D GLVFUHWH MRLQW GHQVLW\ VXFK DV WKDW JLYHQ E\ D QRQSDUDPHWULF SRSX�
ODWLRQ SKDUPDFRNLQHWLF PRGHO� 7KH PRGHO
V SDUDPHWHU YDOXHV DUH DVVXPHG WR OLH LQ D GLVFUHWH VHW
RI VXSSRUW SRLQWV WKDW LV LQLWLDOO\ GHnQHG IURP QRQSDUDPHWULF SRSXODWLRQ VWXGLHV WKDW WDNH LQWR
FRQVLGHUDWLRQ VXFK IDFWRUV DV WKH LQGLYLGXDO
V DJH� VH[� KHLJKW� ZHLJKW� UHQDO IXQFWLRQ� SDVW GRVDJH�
DQG VHUXP FRQFHQWUDWLRQV� 7KH GRVDJH UHJLPHQ WR RSWLPDOO\ DFKLHYH WKH GHVLUHG JRDO LV GHYHORSHG
DV D IXQFWLRQ RI WKH HQWLUH SUREDELOLW\ MRLQW GHQVLW\ RI WKH SDUDPHWHUV� $V WKH SDWLHQW UHFHLYHV
WKH UHJLPHQ� WKH HQWLUH GLVWULEXWLRQ FDQ WKHQ EH DGMXVWHG EDVHG RQ IHHGEDFN PHDVXUHPHQWV �VHUXP
OHYHOV��

7KH 00 FRQWURO SURFHVV LV WKXV LQLWLDOL]HG ZLWK WKH VHOHFWLRQ RI D GLVFUHWH SULRU GLVWULEXWLRQ�
7KHUH DUH VHYHUDO PHWKRGV IRU REWDLQLQJ WKLV SULRU� LQFOXGLQJ SDUDPHWULF� VHPL�SDUDPHWULF DQG
QRQSDUDPHWULF SRSXODWLRQ PRGHOLQJ DSSURDFKHV >�^�@� 2I WKHVH� RQO\ WKH PD[LPXP OLNHOLKRRG
QRQSDUDPHWULF DSSURDFKHV LQ >���@ GHYHORS WKH GLVFUHWH SUREDELOLW\ GLVWULEXWLRQV UHTXLUHG E\ WKH
PXOWLSOH PRGHO FRQWURO SDUDGLJP� ,Q WKH HYHQW WKDW D SDUDPHWULF RU FRQWLQXRXV SULRU LV LQLWLDOO\
SURYLGHG� LW PXVW nUVW EH FRQYHUWHG LQWR D GLVFUHWH GLVWULEXWLRQ WKDW DSSUR[LPDWHV WKH RULJLQDO
FRQWLQXRXV GLVWULEXWLRQ LQ VRPH IDVKLRQ� 7KLV LV QHFHVVDU\ ZKHQ RQH ZLVKHV WR XVH WKH 00 GRVDJH
SDUDGLJP RQ D ZHOO^NQRZQ DQG XVHIXO SDUDPHWULF SRSXODWLRQ PRGHO� ZKHUH WKH RULJLQDO GDWD KDV
EHHQ ORVW RU LV QRW DYDLODEOH IRU QRQSDUDPHWULF PRGHOLQJ�

7R SHUIRUP WKH FRQYHUVLRQ IURP D FRQWLQXRXV WR D GLVFUHWH GLVWULEXWLRQ� ZH KDYH WDNHQ WKH
DSSURDFK GHVFULEHG EHORZ� EDVHG RQ UHSODFLQJ WKH JLYHQ GLVWULEXWLRQ ZLWK RQH WKDW VKDUHV VRPH RI
WKH FKDUDFWHULVWLFV RI WKH RULJLQDO RQH� 6SHFLnFDOO\� D VXEVHW RI WKH PRPHQW GDWD FDQ EH PDWFKHG�
W\SLFDOO\ PHDQV DQG YDULDQFHV RI WKH XQGHUO\LQJ UDQGRP YDULDEOHV� 7KLV FDQ EH DFFRPSOLVKHG
LQ WKH PRVW ?QRQLQIRUPDWLYH� RU VNHSWLFDO ZD\� E\ nQGLQJ WKH GLVWULEXWLRQ KDYLQJ WKH PD[LPXP
HQWURS\ WKDW VDWLVnHV WKH PRPHQW FRQVWUDLQWV� 0D[LPXP HQWURS\ LV D PHWKRG IRU REWDLQLQJ WKH
PRVW SUREDEOH GLVWULEXWLRQ� LQ D FRPELQDWRULDO VHQVH� WKDW nWV WKH PRPHQW GDWD� 7KH FRQFHSW RI
HQWURS\ DULVHV LQ PDQ\ GLYHUVH FRQWH[WV LQFOXGLQJ VWDWLVWLFDO PHFKDQLFV >�@� LQIRUPDWLRQ WKHRU\ >�@�
DQG YDULRXV HVWLPDWLRQ SUREOHPV >�@�

7KH PDWKHPDWLFDO IRUPXODWLRQ RI WKLV RSWLPL]DWLRQ SUREOHP IDOOV LQWR WKH JHQHUDO FODVV RI
FRQYH[ RSWLPL]DWLRQ� 7KH REMHFWLYH IXQFWLRQDO �WKH HQWURS\ IXQFWLRQ� LV FRQYH[� ZKLOH WKH PRPHQW
FRQVWUDLQWV DUH OLQHDU� 7KH IRFXV RI WKLV SDSHU LV RQ GHYHORSLQJ DOJRULWKPV WR VROYH WKLV RSWLPL]DWLRQ
SUREOHP� DQG WKHQ XVLQJ H[DPSOH GDWD� GHPRQVWUDWLQJ WKHLU XVH� $ EULHI VXPPDU\ RI WKH SDSHU
IROORZV�

,Q 6HFWLRQ � WKH PD[LPXP HQWURS\ PRPHQW PDWFKLQJ SUREOHP ZLWK HTXDOLW\ FRQVWUDLQWV LV
LQWURGXFHG� 7KH GXDO SUREOHP LV GHYHORSHG� DQG LV VKRZQ WR EH DQ XQFRQVWUDLQHG FRQYH[ SURJUDP�
PLQJ SUREOHP� 7KH LPSRUWDQW IHDWXUH RI WKH GXDO SUREOHP LV WKDW WKH QXPEHU RI GXDO YDULDEOHV LV
W\SLFDOO\ VLJQLnFDQWO\ OHVV WKDQ WKH QXPEHU RI SULPDO YDULDEOHV� 7KH VROXWLRQV WR ERWK WKH SULPDO
DQG GXDO SUREOHPV DUH VKRZQ WR H[LVW DQG WR EH XQLTXH ZKHQ WKH SULPDO SUREOHP LV IHDVLEOH� ,Q
WKLV FDVH WKH .XKQ 7XFNHU RSWLPDOLW\ FRQGLWLRQV JXDUDQWHH WKH H[LVWHQFH RI WKH VROXWLRQ WR WKH
GXDO SUREOHP� (ULNVVRQ >��@ XVHG D 1HZWRQ VFKHPH IRU VROYLQJ IRU WKH VWDWLRQDU\ YDOXHV RI WKH
GXDO IXQFWLRQDO� 6WDQGDUG ORFDO FRQYHUJHQFH UHVXOWV VKRZ WKDW WKH LWHUDWHV FRQYHUJH LI WKH LQLWLDO
YDOXH LV FORVH HQRXJK WR WKH VROXWLRQ� ,Q 6HFWLRQ � ZH WDNH DGYDQWDJH RI WKH FRQYH[LW\ RI WKH GXDO
SUREOHP� :H VKRZ WKDW WKH GXDO SUREOHP DOVR KDV D XQLTXH VROXWLRQ� DQG IXUWKHUPRUH VKRZ WKDW LW
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LV VXpFLHQWO\ ZHOO^EHKDYHG WR DGPLW JOREDOO\ FRQYHUJHQW DOJRULWKPV IRU LWV PLQLPL]DWLRQ� LQFOXGLQJ
GHVFHQW EDVHG DQG VHFRQG RUGHU WUXVW UHJLRQ PHWKRGV� 7KH UHDGLO\ DYDLODEOH JUDGLHQW DQG +HVVLDQ
RI WKH GXDO SUREOHP DUH LGHDOO\ VXLWHG IRU /HYHQEHUJ^0DUTXDUGW W\SH DOJRULWKPV WKDW XWLOL]H WKH
VHFRQG RUGHU LQIRUPDWLRQ�

+RZHYHU� LQ WKH FRQWH[W RI WKH SKDUPDFRNLQHWLF SUREOHPV WKDW PRWLYDWHG RXU DSSURDFK� WKH
GXDO SUREOHP GRHV QRW DOZD\V KDYH D nQLWH VROXWLRQ� ,Q IDFW� LI WKH SULPDO SUREOHP LV QRW IHDVLEOH�
WKHQ WKH REMHFWLYH IXQFWLRQDO RI WKH GXDO SUREOHP LV XQERXQGHG IURP EHORZ� 7KH QH[W VHFWLRQ RI
WKH SDSHU DGGUHVVHV WKLV VLWXDWLRQ�

,Q 6HFWLRQ � DQ DSSURDFK EDVHG RQ LQHTXDOLW\ FRQVWUDLQWV LV LQWURGXFHG WR UHOD[ WKH SUREOHP WR
DOORZ IRU DQ XQGHUO\LQJ VDPSOH VSDFH WKDW VXSSRUWV GLVWULEXWLRQV ZKLFK GR QRW H[DFWO\ VDWLVI\ WKH
PRPHQW GDWD� $ QHZ SULPDO SUREOHP LV IRUPXODWHG ZLWK D VFDODU TXDGUDWLF LQHTXDOLW\ FRVQWUDLQW�
DQG WKH GXDO IRUPXODWLRQ LV DJDLQ XVHG WR VROYH WKH SUREOHP� $OWKRXJK DSSURDFKHV RI WKLV W\SH KDYH
EHHQ DSSOLHG WR LPDJH UHFRQVWUXFWLRQ SUREOHPV >��@ WR DFFRPPRGDWH QRLVH LQ GDWD� DQ DQDO\VLV RI WKH
FRQYHUJHQFH SURSHUWLHV RI WKHVH DOJRULWKPV KDV QRW EHHQ FRQGXFWHG WR RXU NQRZOHGJH� :H QRWH WKDW
3RZHOO >��@ REWDLQHG D JOREDOO\ FRQYHUJHQW DOJRULWKP IRU DQ LQWHUHVWLQJ YDULDQW RI WKLV SUREOHP ZLWK
OLQHDU LQHTXDOLW\ FRQVWUDLQWV� +RZHYHU KLV DSSURDFK ZDV EDVHG RQ H[SORLWLQJ WKH RUWKRJRQDOLW\
SURSHUWLHV RI WKH )RXULHU PDWUL[� ZKLFK LQ WXUQ UHTXLUHG D RQH^WR^RQH FRUUHVSRQGHQFH EHWZHHQ
WKH QXPEHU RI YDULDEOHV DQG FRQVWUDLQWV� 7KH SKDUPDFRNLQHWLF DSSOLFDWLRQV WKDW PRWLYDWHG RXU
ZRUN FDQ HDVLO\ OHDG WR ��� RU PRUH SULPDO YDULDEOHV� ZLWK UHODWLYHO\ IHZ FRQVWUDLQWV �H�J�� OHVV
WKDQ ����� :H VKRZ WKDW WKH GXDO WR WKH VFDODU TXDGUDWLF LQHTXDOLW\ SUREOHP LV DOVR D FRQYH[
SURJUDPPLQJ SUREOHP� DOWKRXJK WKLV WLPH ZLWK D VLQJOH DFWLYH ERXQG FRQVWUDLQW� 7KH SUREOHP LV
WKHQ FRQYHUWHG LQWR DQ XQFRQVWUDLQHG SUREOHP� DQG JOREDO FRQYHUJHQFH SURSHUWLHV RI WKH /HYHQEHUJ^
0DUTXDUGW�WUXVW UHJLRQ W\SH DOJRULWKPV DUH DJDLQ SURYHG�

7KH ?FXUVH RI GLPHQVLRQDOLW\� LQFXUUHG E\ WKH QXPEHU RI SDUDPHWHU YDOXHV PRWLYDWHV DQ ?RQ
WKH o\� LPSOHPHQWDWLRQ RI WKH DOJRULWKPV ZKLFK FLUFXPYHQWV WKH QHHG IRU VWRULQJ WKH YHU\ ODUJH
PDWULFHV WKDW DSSHDU� 6HFWLRQ � EULHo\ GLVFXVVHV WKLV LPSOHPHQWDWLRQ�

6HFWLRQ � FRQWDLQV DQ H[DPSOH SKDUPDFRNLQHWLF DSSOLFDWLRQ LQYROYLQJ GHYHORSLQJ GLVFUHWH GLVWUL�
EXWLRQV IRU WKH SDUDPHWHUV RI D WKUHH FRPSDUWPHQW PRGHO RI WKH GUXJ GLJR[LQ� (YHQ WKLV UHODWLYHO\
VPDOO PRGHO UHTXLUHV RSWLPL]LQJ ������� YDULDEOHV� 7KLV SDUWLFXODU SUREOHP LV FORVH WR WKH OLPLW RI
ZKDW LV SRVVLEOH RQ D 3& RU ZRUNVWDWLRQ�

�� 0RPHQW 0DWFKLQJ 3UREOHP� /HW D GLVFUHWH GHQVLW\ S EH GHnQHG RQ D GLVFUHWH VHW
b | 5N�

S�[�  

1;
L �

SLp�[b [L��

ZKHUH [L LV WKH N^WXSOH�
[L  �[L�� ���� [

L
N��

7KH HQWURS\ RI WKH GHQVLW\ S LV GHnQHG DV

+�S�  b
;
L

SLL� �����

7KH HQWURS\ RI D GLVWULEXWLRQ LV D PHDVXUH RI LWV UDQGRPQHVV� )RU H[DPSOH� ZLWKRXW DQ\
FRQVWUDLQWV �RWKHU WKDQ SL w � DQG

3
SL  �� LW LV HDVLO\ VHHQ WKDW + LV PD[LPL]HG E\ WDNLQJ

SL  � 1 � DQG LV PLQLPL]HG E\ FKRRVLQJ SU  � IRU VRPH � � U � 1 ZLWK SL  � IRU DOO L � U�
7KH SUREOHP ZH DGGUHVV KHUH LV PD[LPL]LQJ WKH HQWURS\ RI WKH GLVWULEXWLRQ ZLWK VRPH DGGL�

WLRQDO FRQVWUDLQWV RQ WKH PRPHQWV RI WKH GLVWULEXWLRQ� ,Q WKH H[DPSOH DERYH� WKH RQO\ FRQVWUDLQW
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ZDV GHULYHG IURP UHTXLULQJ S WR EH D SUREDELOLW\ GHQVLW\� 1RZ VXSSRVH ZH DUH DOVR JLYHQ D VHW RI
PRPHQWV IPUMJU�M ZKHUH PUM GHQRWHV DQ UWK PRPHQW

PUM  
;
L

[LP�
c c c[LPU

S�L��

7KH SUREOHP ZH SRVH LV WR GHWHUPLQH D GHQVLW\ Se ZLWK WKH SURSHUW\ WKDW

PUL  
;
M

[MP�
c c c[MPU

Se�M�� �����

DQG
+�Se� w +�T� �����

IRU DQ\ RWKHU GHQVLW\ VDWLVI\LQJ WKH PRPHQW FRQVWUDLQWV ������ 7R EH SUHFLVH DERXW WKH FRQVWUDLQWV
LPSOLFLWO\ LPSRVHG E\ UHTXLULQJ Se WR EH D GHQVLW\ ZH KDYH LQ DGGLWLRQ WR ������

SeL w �� IRU DOO L  �� ����1� ����D�

DQG ;
L

SeL  �� ����E�

1RZ ZH LQWURGXFH WKH PDWUL[ 7 WR UHSUHVHQW WKH OLQHDU FRQVWUDLQWV ����� DQG ����E�� 7R LQFRUSRUDWH
����E� ZH UHTXLUH WKH nUVW URZ 7 WR FRQVLVW RI RQHV� L�H�� 7 ��� M�  �� M  �� ����1 � (DFK FRQVWUDLQW
RI WKH IRUP ����� FRUUHVSRQGV WR D URZ RI 7 � VD\ URZ UL � ��

7 �UL � �� c�  >[�P�
c c c[�PU

[�P�
c c c[�PU

c c c [1P�
c c c[1PU

@�

7KH FRQVWUDLQWV ������ ����D�� DQG ����E� FDQ QRZ EH H[SUHVVHG DV

7S  aP� aP  >� PW@W� SL w ��

7KH PD[LPXP HQWURS\ RSWLPL]DWLRQ SUREOHP LV IRUPXODWHG DV

PD[
S

+�S� VXEMHFW WR 7S  aP� SL w �� �����

7KLV SUREOHP KDV� DV ZH VKDOO VHH� VRPH QLFH IHDWXUHV WKDW PDNH LW YHU\ DPHQDEOH WR VROXWLRQ� HYHQ
IRU H[WUHPHO\ ODUJH GDWD VHWV�

7KH nUVW REVHUYDWLRQ LQ WKLV UHJDUG LV WKDW b+ LV D VWULFWO\ FRQYH[ IXQFWLRQDO� 7KLV IROORZV
IURP QRWLQJ WKDW G�I G[� ! � RQ [ ! � ZKHUH I�[� LV GHnQHG DV I�[�  [ORJ[� 6LQFH b+ LV
WKH VXP RI VXFK IXQFWLRQV� LW LV VWULFWO\ FRQYH[� $VVXPLQJ WKDW WKH SUREOHP ����� LV IHDVLEOH� WKH
FRQVWUDLQW VHW LV DOVR FRQYH[ VLQFH &�  IS� � 7S�  aPJ LV DpQH DQG &�  IS � SL w �J LV WULYLDOO\
FRQYH[� )XUWKHUPRUH &� ?&� LV FRPSDFW VLQFH &� ?&� LV FOHDUO\ ERXQGHG �

3
SL  � WRJHWKHU ZLWK

SL w ��� DQG &� DQG &� DUH ERWK FORVHG � &�  7b�I aPJ�� 7KHUHIRUH ����� LV JXDUDQWHHG WR KDYH D
VROXWLRQ� $OVR� EHFDXVH RI VWULFW FRQYH[LW\ WKLV VROXWLRQ LV XQLTXH�

6R IDU ZH KDYH HVWDEOLVKHG WKDW WKH SULPDO SUREOHP ����� KDV D XQLTXH VROXWLRQ� 7KLV LV VWLOO D
SUREOHP ZLWK FRQVWUDLQWV� KRZHYHU� :H ZLOO QH[W VKRZ KRZ WKHVH FRQVWUDLQWV FDQ EH UHPRYHG E\
ZRUNLQJ ZLWK WKH GXDO WR ������ :H EHJLQ E\ LQWURGXFLQJ WKH /DJUDQJLDQ

/�S� w� x�  b+�S�b � w� 7Sb aP� ! b � x� S !�
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ZKHUH w � 5G� x � 51 � +HUH G LV WKH QXPEHU RI HTXDOLW\ FRQVWUDLQW� ZKLFK HTXDOV RQH SOXV WKH
QXPEHU RI PRPHQW FRQVWUDLQWV� %HFDXVH WKH FRQVWUDLQWV DUH UHJXODU �WKH\ DUH LQ IDFW OLQHDU�� WKH
.XKQ^7XFNHU >�@ QHFHVVDU\ FRQGLWLRQV IRU RSWLPDOLW\ DUH

US/  �� ����D�

xLSL  �� L  �� ����1� ����E�

WRJHWKHU ZLWK WKH FRQVWUDLQWV

7S  aP� SL w �� L  �� ����1� ����F�

$QG EHFDXVH WKH SUREOHP LV FRQYH[� WKH .^7 FRQGLWLRQV DERYH DUH DOVR VXpFLHQW� 7KXV ZH FDQ
DVVHUW WKDW WKLV V\VWHP KDV D XQLTXH VROXWLRQ Se� :LWK WKH FRQGLWLRQ WKDW 7 KDV IXOO UDQN ZH FDQ
DOVR DVVHUW WKDW WKH RSWLPDO PXOWLSOLHUV we� xe DUH DOVR XQLTXH� 7R VHH WKLV� H[DPLQH PRUH FORVHO\
WKH YDQLVKLQJ RI WKH JUDGLHQW US/�

US/  bUS+b � 7 Ww� c ! b � x� c !
 � Y� c ! b � 7 Ww� c ! b � x� c ! �

�����

7KXV US /  � LPSOLHV Y  7 Ww�x ZKHUH Y KDV FRRUGLQDWHV YL  �� ORJSL� )URP WKLV ZH VHH WKDW
SeL ! � IRU DOO L VLQFH RWKHUZLVH WKH PXOWLSOLHUV w�x FDQQRW EH nQLWH� 7KLV LPSOLHV WKDW WKH .XKQ^
7XFNHU FRQGLWLRQ ����E� LV xL  �� 6LQFH US /  �� WDNLQJ H[SRQHQWLDOV \LHOGV WKH UHODWLRQVKLS

SeL  H[SI� HL� 7
Wwe ! b�J� �����

ZKHUH HL GHQRWHV WKH YHFWRU ZLWK D � LQ WKH L
WK FRRUGLQDWH DQG ]HUR HOVHZKHUH� 1RZ LW LV DOVR FOHDU

WKDW we LV XQLTXH EHFDXVH 7 KDV IXOO UDQN DQG Se LV XQLTXH� �1RWH WKDW VLQFH 7 KDV IXOO UDQN�
w� � w� LPSOLHV 7

Ww� � 7 Ww�� 7KXV IRU VRPH LQGH[ L� � HL� 7
Ww� !� � HL� 7

Ww� ! � +HQFH� WKH
XQLTXHQHVV RI Se QRZ LPSOLHV WKDW we LV XQLTXH�� 7KLV GLVFXVVLRQ LV VXPPDUL]HG LQ

/HPPD ���� 6XSSRVH WKH SULPDO SUREOHP ����� LV IHDVLEOH� DQG 7 KDV IXOO UDQN� 7KHQ WKH SULPDO
SUREOHP KDV D XQLTXH VROXWLRQ Se ! �� DQG WKH .XKQ^7XFNHU V\VWHP RI HTXDWLRQV ����D�^����F� KDV
D XQLTXH VROXWLRQ�

+DYLQJ HVWDEOLVKHG WKHVH IDFWV ZH FDQ PRYH RQ WR WKH GXDO SUREOHP� 7KH GXDO UHVXOW IRU WKH
FRQYH[ SUREOHP ����� DIWHU WKH DQDO\VLV DERYH LV WKDW �Se� we� VROYHV WKH RSWLPL]DWLRQ SUREOHP

PD[
S�w

/�S� w�� ����D�

VXEMHFW WR WKH FRQVWUDLQW
US/  �� ����E�

�5HFDOO WKDW WKH LQHTXDOLW\ FRQVWUDLQW SL w � LV LQDFWLYH VR WKDW DVVRFLDWHG PXOLSOLHU x LV ]HUR��
6ROYLQJ ����E� OHDGV WR UHODWLRQ ����� DV HVWDEOLVKHG EHIRUH� 1H[W REVHUYH WKDW

� w�7S !  � 7 Ww� S !

 
;
L

� HL� 7
Ww ! SL

 
;
L

� HL� 7
Ww ! H[SI� HL� 7

Ww ! b�J�
������
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1RZ VXEVWLWXWLQJ ����� LQWR ����D� DQG NHHSLQJ ������ LQ PLQG JLYHV

/�S� w�  
;
L

H[SI� HL� 7
Ww ! b�J>� HL� 7

Ww ! b�@b � w�7Sb aP !

 b
;
L

H[SI� HL� 7
Ww ! b�J� � w� aP ! �

:ULWLQJ K�w�  /�S� w� ZKHUH S LV JLYHQ LQ ������ WKH GXDO SUREOHP ����� UHGXFHV WR WKH XQFRQVWUDLQHG
SUREOHP

PLQ
w�5G

K�w�  
;
L

H[SI� HL� 7
Ww ! b�Jb � w� aP ! � ������

1RWH WKDW QRW RQO\ KDYH WKH FRQVWUDLQWV EHHQ UHPRYHG IURP WKH SUREOHP� EXW LQ PDQ\ FDVHV WKH
GLPHQVLRQDOLW\ KDV DOVR EHHQ UHGXFHG� 7KLV UHGXFWLRQ FDQ EH YHU\ VLJQLnFDQW ZKHQ WKH QXPEHU RI
VXSSRUW SRLQWV RI WKH GHQVLW\ S �ZKLFK LV WKH FDUGLQDOLW\ RI WKH VHW b� JUHDWO\ H[FHHGV WKH QXPEHU
RI PRPHQW FRQVWUDLQWV� $OWKRXJK WKLV ZLOO DOZD\V EH WKH FDVH LQ WKH PRPHQW PDWFKLQJ SUREOHP
ZH VROYH� WKLV FRQGLWLRQ DOVR KROGV WUXH IRU WKH LPDJH UHFRQVWUXFWLRQ SUREOHPV JHQHUDWHG IURP
LQWHUIHURPHWULF LPDJLQJ� IRU H[DPSOH�

,Q JHQHUDO ZH FDQQRW H[SHFW WKH GXDO SUREOHP WR EH FRQYH[� +RZHYHU� WKLV LV WKH FDVH KHUH�
DV ZH VKDOO QH[W HVWDEOLVK� 7KLV FODLP LV PRVW HDVLO\ YHULnHG E\ WDNLQJ GHULYDWLYHV DQG VKRZLQJ
WKDW WKH +HVVLDQ LV QRQQHJDWLYH GHnQLWH� :H ZLOO VHH WKDW WKH JUDGLHQW DQG +HVVLDQ RI K KDYH YHU\
VLPSOH IRUPV�

)LUVW QRWH WKDW
#K

#wV
 

;
L

7VL H[SI
;
M

7MLwM b �J bPV� ������

)URP WKLV LW IROORZV WKDW

#�K

#wV#wW
 

;
L

7VL7VW H[SI
;
M

7MLwM b �J� ������

5HFDOOLQJ WKDW
SL  H[SI� HL� 7

Ww ! b�J�
ZH DUULYH DW VXFFLQW IRUPV IRU WKH JUDGLHQW DQG +HVVLDQ RI K�

UwK  7Sb aP� ������

DQG
U�wK  7;7 W� ������

ZKHUH ; LV WKH GLDJRQDO PDWUL[ ZLWK ;LL  SL� 7KXV U�wK LV QRQQHJDWLYH GHnQLWH� DQG K LV
FRQVHTXHQWO\ FRQYH[� 7KHVH VLPSOH IRUPV IRU WKH JUDGLHQW DQG +HVVLDQ ZHUH nUVW GHULYHG LQ >��@�

)URP ������ QRWH WKDW UwK YDQLVKHV SUHFLVHO\ ZKHQ WKH FRQVWUDLQWV IURP WKH SULPDO SUREOHP
DUH VDWLVnHG� $QG VLQFH WKH VROXWLRQ WR WKH SULPDO SUREOHP LV XQLTXH� ZH FDQ VKRZ WKDW WKH VROXWLRQ
WR WKH GXDO SUREOHP PXVW DOVR EH XQLTXH� 7R YHULI\ WKLV� REVHUYH nUVW IURP ����� DQG WKH DVVXPSWLRQ
WKDW 7 KDV IXOO UDQN� WKDW S DQG w DUH LQ RQH^WR^RQH FRUUHVSRQGHQFH� %\ FRQYH[LW\ RI WKH GXDO
SUREOHP� WKH .^7 FRQGLWLRQV DUH ERWK QHFHVVDU\ DQG VXpFLHQW� +HQFH� LI ������ YDQLVKHV IRU WZR
YDOXHV RI w� VD\ w� DQG w�� WKHQ WKH WZR DVVRFLDWHG GHQVLWLHV� S� DQG S�� DUH ERWK VROXWLRQV WR WKH
SULPDO SUREOHP� %\ XQLTXHQHVV S�  S�� $QG EHFDXVH RI WKH XQLTXH FRUUHVSRQGHQFH IURP ������ LW
IROORZV WKDW w�  w�� 7KHUHIRUH ZH FDQ VWDWH
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7KHRUHP ���� 8QGHU WKH K\SRWKHVHV RI /HPPD ���� WKH GXDO SUREOHP ������ KDV D XQLTXH VROXWLRQ�

7KH QH[W UHVXOW KDV VLJQLnFDQFH ZLWK UHVSHFW WR WKH LPSOHPHQWDWLRQ RI DOJRULWKPV IRU VROYLQJ
IRU WKH PLQLPXP RI K LQ �������

3URSRVLWLRQ ���� ,I 3UREOHP ����� LV IHDVLEOH� WKHQ WKH VHW

/�  Iw � K�w� � K�w��J

LV ERXQGHG IRU DQ\ w��

3URRI� %HFDXVH ����� LV IHDVLEOH K�w� LV ERXQGHG IURP EHORZ >�@� 7KXV WKH VHW

6  Iw � � w� aP ! ! �� � 7HL� w !� �J

LV HPSW\� %\ )DUNDV
 OHPPD >��@� WKHUH H[LVW mL w � VXFK WKDW

aP  
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L

mL7HL�

6R QRZ ZH PD\ ZULWH

K�w�  
;
L

H[SI� 7HL� w ! b�J b
;
L

mL � 7HL� w ! � ������

/HW w1 EH DQ\ VHTXHQFH ZLWK Mw1 M � �� DQG OHW ]1  w1 Mw1 M� +HQFH�

K�w1 �  
;
L

H[SIMw1 M � 7HL� ]1 ! b�J b Mw1 M
;
L

mL � 7HL� ]1 ! � ������

1RZ ]1 KDV D FRQYHUJHQW VXEVHTXHQFH ]1N
� ]e ZLWK M]eM  �� 6LQFH ]e � � DQG 7 KDV IXOO UDQN�

WKH WZR VHWV RI LQGLFHV� ,�  IL � � 7HL� ]
e !! �J DQG ,b  IL � � 7HL� ]

e !� �J FDQQRW EH EH
VLPXOWDQHRXVO\ HPSW\� 1H[W GHnQH WKH IXQFWLRQV Kh�

Kh  
;
L�,

H[SI� 7HL� w ! b�J b
;
L�,

mL � 7HL� w !� ������

DQG QRWH WKDW K  K� � Kb� )URP ������ DQG ������ LW LV FOHDU WKDW LI ,� �UHVS� ,b� LV QRQHPSW\�
WKHQ

OLP
N

K��w1N
�  �� �UHVS� OLP

N
Kb�w1N

�  ���

+HQFH / LV ERXQGHG����

7KLV UHVXOW WRJHWKHU ZLWK WKH VWULFW FRQYH[LW\ RI ������ LPSOLHV JOREDO FRQYHUJHQFH IRU VHYHUDO
FODVVHV RI DOJRULWKPV� )RU H[DPSOH� IURP WKH IRUP RI WKH KHVVLDQ LQ ������ LW IROORZV WKDW UwK LV
XQLIRUPO\ FRQWLQXRXV RQ /�� WKXV HVWDEOLVKLQJ WKH FODVVLFDO *ROGVWHLQ FULWHULD IRU JOREDO FRQYHU�
JHQFH IRU WKH FODVV RI GHVFHQW DOJRULWKPV ZLWK OLQH VHDUFK� 7KH SURSRVLWLRQ DOVR HVWDEOLVKHV JOREDO
FRQYHUJHQFH IRU D FODVV RI UHVWULFWHG VWHSVL]H VHFRQG RUGHU PHWKRGV�

+RZHYHU� LW LV JHQHUDOO\ QRW NQRZQ D SULRUL ZKHWKHU WKH LQLWLDO SUREOHP LV IHDVLEOH� 7KH QH[W
VHFWLRQ LQWURGXFHV D PRGLnFDWLRQ WR LQVXUH WKDW D IHDVLEOH SUREOHP LV DOZD\V GHnQHG�

�� 7KH ,QHTXDOLW\ &RQVWUDLQHG 3UREOHP� ,Q WKH SKDUPDFRNLQHWLF DSSOLFDWLRQV WKDW
PRWLYDWHG WKH SUREOHP IRUPXODWLRQ� LW LV VHOGRP NQRZQ D SULRUL ZKHWKHU WKH SULPDO SUREOHP LV
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IHDVLEOH� 7\SLFDOO\ WKH PRPHQW GDWD LV SURYLGHG� EXW WKH XQGHUO\LQJ VDPSOH VSDFH LV QRW� ,Q WKLV
FDVH LW LV QHFHVVDU\ WR GHnQH WKH VDPSOH VSDFH� $Q REYLRXV ZD\ WR GR WKLV LV VLPSO\ WR DVVXPH
D XQLIRUP JULG IRU HDFK UDQGRP YDULDEOH� 7KLV GRHV QRW DVVXUH IHDVLELOLW\� DQG RQH DOWHUQDWLYH LV
WR UHOD[ WKH SUREOHP WR DOORZ IRU WKLV SRVVLELOLW\� :H UHPDUN WKDW VLPLODU DSSURDFKHV KDYH EHHQ
LPSOHPHQWHG LQ LPDJH UHFRQVWUXFWLRQ SUREOHPV ZKHUH WKH FRQVWUDLQW KDV WKH IRUP

7 e SbP  ��

ZKHUH QRZ e GHQRWHV �WZR^GLPHQVLRQDO� FRQYROXWLRQ� S UHSUHVHQWV WKH VRXUFH �ZKLFK LV RI SRVLWLYH
LQWHQVLW\�� DQG P UHSUHVHQWV WKH PHDVXUHG LPDJH� 7\SLFDOO\ WKH LPDJH LV FRUUXSWHG E\ QRLVH DQG
WKH FRQVWUDLQW LV QRW VDWLVnHG� DQDORJRXV WR WKH PRPHQW PDWFKLQJ SUREOHP >��� ��@�

7R FLUFXPYHQW WKLV GLpFXOW\� DQ DGGLWLRQDO LQHTXDOLW\ FRQVWUDLQW LV LQWURGXFHG� FRQYHUWLQJ �����
LQWR

PLQ
S

b+�S�  
;

SL ORJ�SL�� �����

VXEMHFW WR WKH FRQVWUDLQWV
7SbP�1  �� �����

7�SbP�  �� �����

S w �� �����

lb M1 M� w �� �����

ZKHUH l LV D SRVLWLYH VFDODU FKRVHQ WR PDNH WKH SUREOHP IHDVLEOH DQG 1 LV D VODFN YDULDEOH� +HUH
DJDLQ 7�  >� c c c �@ DQG P�  �� 7� DQG P� PD\ EH FKRVHQ WR QRUPDOL]H VROXWLRQV LQ RWKHU
ZD\V� LQ LPDJH UHFRQVWUXFWLRQ DSSOLFDWLRQV P� UHSUHVHQWV WKH WRWDO oX[� IRU H[DPSOH� l FDQ EH
GHWHUPLQHG IURP WKH TXDGUDWLF SURJUDPPLQJ SUREOHP GHnQHG E\ PLQLPL]LQJ M7S b PM� VXEMHFW
WR WKH FRQVWUDLQWV �����^������ 7KHQ DQ\ YDOXH RI l JUHDWHU WKDQ WKH PLQLPXP VROXWLRQ \LHOGV D
IHDVLEOH SUREOHP�

$Q DOWHUQDWLYH WR WKLV LV WR DWWHPSW WR VROYH WKH HTXDOLW\ FRQVWUDLQHG SUREOHP� %\ )DUNDV

OHPPD� LI WKH SULPDO SUREOHP KDV QR VROXWLRQ� WKHQ LQ WKH FRXUVH RI VROYLQJ WKH GXDO SUREOHP� D
GLUHFWLRQ w ZLOO EH GHWHUPLQHG DORQJ ZKLFK WKH FRVW IXQFWLRQ EHFRPHV XQERXQGHG �K�w� � b���
$V VRRQ DV WKLV GLUHFWLRQ LV IRXQG� WKH VROXWLRQ JURZV YHU\ UDSLGO\� +RZHYHU� EHIRUH WKLV HYHQW
RFFXUV� DQ\ UK  7[bP� FDQ EH LQWHUSUHWHG DV D VROXWLRQ WR D QHLJKERULQJ SULPDO SUREOHP ZLWK
P� UHSODFLQJ P� &KRRVLQJ l  MPbP�M� WKHQ OHDGV WR D IHDVLEOH SUREOHP�

7KH QHZ SUREOHP �����^����� QR ORQJHU FRQVLVWV RQO\ RI OLQHDU FRQVWUDLQWV EHFDXVH RI WKH DS�
SHDUDQFH RI ������ EXW LW LV VWLOO FRQYH[� $QG IRU VXpFLHQWO\ ODUJH l LW LV IHDVLEOH� ,I l LV FKRVHQ WRR
ODUJH� WKH FRQVWUDLQW ����� PD\ QR ORQJHU EH DFWLYH� LQ ZKLFK FDVH WKH XQLIRUP GLVWULEXWLRQ VROYHV
WKH SUREOHP�

:H DJDLQ ORRN WR WKH GXDO WR VROYH WKH RSWLPL]DWLRQ SUREOHP� $V EHIRUH ZH EHJLQ E\ IRUPLQJ
WKH /DJUDQJLDQ /�S�1� w� w�� x� xl��
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7KHQ WKH .XKQ^7XFNHU FRQGLWLRQV DUH
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#1
 �� ����E�

xLSL  �� xL w �� ����F�

xl�lb M1 M��  �� xl w �� ����G�

$V EHIRUH ZH FDQ GHGXFH WKDW xL  �� VR WKDW WKH nUVW .XKQ^7XFNHU FRQGLWLRQ EHFRPHV
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$VVXPLQJ ����� LV DFWLYH DQG VWULFW FRPSOHPHQWDULW\ KROGV� ����E� LPSOLHV

1  
�

�xl
w� ������

1RWH WKDW LI ����� LV QRW DFWLYH RU LI VWULFW FRPSOHPHQWDULW\ GRHV QRW KROG� WKHQ xl  �� DQG KHQFH�
w  � VR WKDW WKH XQLIRUP GLVWULEXWLRQ VROYHV �����^������

1RZ ZH FRQVLGHU WKH GXDO IRUPXODWLRQ� :H VKDOO DVVXPH WKDW xl ! � LQ ZKDW IROORZV� VLQFH
WKH SUREOHP LV WULYLDO RWKHUZLVH� 7KH GXDO SUREOHP LV

PD[
xl!��wH

/ VXEMHFW WR
#/

#S
 � DQG

#/

#1
 �� ������

8VLQJ WKH UHODWLRQVKLS IRU 1 LQ ������ ZH nQG WKDW
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H[SI� HL� 7
7
H wH ! b�J� � wH�PH ! b MwM�
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3UHYLRXVO\ LW ZDV REVHUYHG WKDW ZKHQ WKH SULPDO SUREOHP ZDV QRW IHDVLEOH �L�H�� QR VROXWLRQ WR
7S  P ZLWK S w ��� WKHQ K�w�� b� IRU VRPH GLUHFWLRQ w ZKHUH WKH GXDO IXQFWLRQ K LV GHnQHG LQ
������� :H VKDOO VHH VKRUWO\ WKDW WKH SUHVHQFH RI WKH TXDGUDWLF WHUP MwM� PLWLJDWHV WKLV SRVVLELOLW\
IRU l VXpFLHQWO\ ODUJH�

&RQYHUWLQJ ������ WR D PLQLPL]DWLRQ SUREOHP ZH KDYH

PLQ/  
;

H[SI� HL� 7
7
H wH ! b�Jb � wH�PH ! �

MwM�
�xl

� xll� xl ! �� ������

2QH DOWHUQDWLYH WR VROYLQJ WKLV FRPHV IURP QRWLQJ WKDW Uxl/  � LPSOLHV
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�
S
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+HQFH� ZH PLJKW HTXLYDOHQWO\ VROYH

PLQ
wH

K�wH� �
S
lMwM� ������

DV DQ DOWHUQDWLYH WR ������� %XW ������ LV XQGHVLUDEOH EHFDXVH M c M LV QRW VPRRWK DW WKH RULJLQ� DQG
ZH ZLOO QRW SXUVXH WKLV SRVVLELOLW\�

+RZHYHU� ZH QRWH IURP ������ DQG ������ WKDW

/�wH� xl� w K�wH� �
S
lMwM�
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1RZ OHW
}  LQI

MwHM �
IM � wH�PH ! M � � wH� 7HL !� � DQG � wH�PH !! �J

7KHQ IRU l w }� LW IROORZV WKDW LQIwH K�wH��
S
lMwM ! b�� VR WKDW WKH GXDO SUREOHP KDV D VROXWLRQ�

+RZHYHU� VLQFH WKH FRQVWUDLQWV DUH QRW OLQHDU� VROYDELOLW\ RI WKH GXDO GRHV QRW JXDUDQWHH WKDW WKH
SULPDO SUREOHP LV IHDVLEOH� :H ZLOO SURFHHG RQ WKH DVVXPSWLRQ WKDW l KDV EHHQ FKRVHQ ODUJH HQRXJK
VR WKDW WKH GXDO SUREOHP KDV D VROXWLRQ�

7KHRUHP ���� 7KH GXDO PLQLPL]DWLRQ SUREOHP ������ LV D FRQYH[ SURJUDPPLQJ SUREOHP�

3URRI� 5HFDOOLQJ WKDW 1  w �xl� ZH KDYH

UwH/  7HSbPH �

t
�
1

u
� ������

$OVR� DJDLQ XVLQJ 1  w �xl�
Uxl/  lb xlM1 M�� ������

)URP WKHVH ZH HDVLO\ GHYHORS WKH +HVVLDQ RI / DV
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7KXV ZH KDYH
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ZKHUH /�� LV JLYHQ E\ ������� /�� LV JLYHQ E\ ������� /��  /7��� DQG /�� LV JLYHQ E\ �������
1H[W ZH ZLOO VKRZ WKDW U�/ LV SRVLWLYH GHnQLWH� :H FRPSXWH IRU D SDUWLWLRQHG YHFWRU �mW n��

�mW n�U�/
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7KLV TXDGUDWLF IRUP LV PLQLPL]HG ZKHQ

m  b/b��� /��n� ������

/HWWLQJ 4�n� GHQRWH WKH YDOXH RI ������ ZLWK WKH UHODWLRQVKLS LQ ������� ZH REWDLQ

4�n�  /��n
� b n� � /b��� /��� /�� ! � ������

,I 7 KDV IXOO UDQN� WKHQ DV EHIRUH 7;77 ! �� +HQFH� IRU VRPH q ! �� 7;77 ! q, DQG
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� /b��� 1
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xl � qx�l
M1 M�� ZKHUH 1 �  
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�
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u
� ������

5HFDOOLQJ WKH GHnQLWLRQV RI /�� DQG /��� LW IROORZV WKDW 4�n� ! �� WKXV HVWDEOLVKLQJ WKDW
U�/ ! � DQG WKDW / LV FRQYH[ IRU xl ! �� +HQFH� WKH GXDO SUREOHP LV DOVR D FRQYH[ SURJUDPPLQJ
SUREOHP ZLWK WKH VLQJOH FRQVWUDLQW xl ! �� ���

7KH FRQVWUDLQW xl ! � FDQ EH UHPRYHG E\ WKH FKDQJH RI YDULDEOHV

xl  H[S�Y�� ������

VR WKDW ������ EHFRPHV WKH XQFRQVWUDLQHG PLQLPL]DWLRQ SUREOHP

PLQ
wH�Y

+�wH� Y� ZKHUH +�w� Y�  K�wH� �
MwM�
�
H[S�bY� � H[S�Y�l� ������

&RPSXWLQJ U+ ZH KDYH

UwH+  7HSbPH �
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u
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DQG

UY+  bMwM�
�
H[S�bY� � H[S�Y�l

 b MwM�
�xl

� xll�

������

&RPSDULQJ ������^������ ZLWK ������^������ ZH VHH WKDW U+  � LI DQG RQO\ LI U/  �� ,I xl LV
QRQ]HUR �ZKLFK LV RXU ZRUNLQJ DVVXPSWLRQ WR NHHS WKH SUREOHP QRQWULYLDO�� WKHQ WKH YDQLVKLQJ RI
U+ LV D VXpFLHQW FRQGLWLRQ IRU D JOREDO PLQLPXP�

$OWKRXJK ZH KDYH HOLPLQDWHG WKH FRQVWUDLQW xl ! �� ZH KDYH ORVW VRPH RI WKH FRQYH[LW\ RI WKH
SUREOHP� DV + LV QR ORQJHU FRQYH[� +RZHYHU� FRPSXWLQJ WKH +HVVLDQ RI + ZH REWDLQ

#�+

#w�H
 77;7 �'� ;  GLDJ�S�� ���� '  GLDJ��� � �xl� � �xl���� � �xl�� �����D�

#�+

#wH#Y
 b1� �����E�

#�+

#Y�
 xl�M1 M� �l�� �����F�

$QG� DUJXLQJ DV EHIRUH LQ ������^������ ZH FDQ VKRZ WKDW D VXpFLHQW FRQGLWLRQ IRU U�+ WR EH QRQ�
QHJDWLYH GHnQLWH LV WKDW M1 M� � l� +HQFH� U+  � VDWLVnHV WKH VHFRQG RUGHU VXpFLHQW FRQGLWLRQV
IRU D PLQLPXP�

)URP WKH GLVFXVVLRQ DERYH� PLQLPL]LQJ + LV DQ HmHFWLYH PHDQV IRU VROYLQJ �����^������ +DYLQJ
WKH JUDGLHQW DQG +HVVLDQ RI + IURP ������^������� OHDGV WR DOJRULWKPV KDYLQJ WKH VDPH IRUP
GLVFXVVHG LQ 6HFWLRQ � IRU WKH HTXDOLW\ FRQVWUDLQHG SUREOHP� 7R HQVXUH JOREDO FRQYHUJHQFH� ZH QH[W
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HVWDEOLVK WKDW WKH GXDO IXQFWLRQ + LV ERXQGHG IURP EHORZ IRU DSSURSULDWH YDOXHV RI l� HYHQ ZKHQ
WKH RULJLQDO SULPDO SUREOHP ����� LV QRW IHDVLEOH�

7KHRUHP ���� ,I WKH SUREOHP �����^����� LV IHDVLEOH ZLWK VROXWLRQ RWKHU WKDQ WKH XQLIRUP
GLVWULEXWLRQ� WKHUH H[LVWV �weH� Y

e� VXFK WKDW WKH OHYHO VHW

/  I�wH� Y� � +�wH� Y� � +�weH� Y
e�J

LV ERXQGHG�

3URRI� $JDLQ OHW

}  LQI
MwHM �

IM � wH�PH ! M � � wH� 7HL !� � DQG � wH�PH !! �J�

7KHQ IRU l w }� LW IROORZV WKDW LQIwH K�wH� �
S
lMwM ! b�� DQG + LV ERXQGHG IURP EHORZ VLQFH

+�wH� Y� w K�wH� �
S
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,I le OHDGV WR D IHDVLEOH VROXWLRQ WR �����^������ WKHQ le w }� 7ULYLDOO\ LI Mw1H M � �� LW IROORZV IURP
WKH LQHTXDOLW\ DERYH WKDW +�w1H � Y�� ��� 7KH RQO\ SRVVLELOLW\ IRU / WR EH XQERXQGHG LV WKHQ LI
Y1 � b� ZLWK w  �� 7KXV ZH DVVXPH WKDW wH KDV WKH IRUP
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LQ WKH VWDWHPHQW RI WKH WKHRUHP����

7KH VLJQLnFDQFH RI WKLV UHVXOW LV WKDW LW HVWDEOLVKHV FRQYHUJHQFH RI JUDGLHQW DQG WUXVW UHJLRQ
DOJRULWKPV IRU WKH GXDO SUREOHP ZKHQHYHU WKH SULPDO SUREOHP �����^����� LV IHDVLEOH�

$QRWKHU ZD\ RI REWDLQLQJ VROXWLRQV ZKHQ WKH XQGHUO\LQJ VDPSOH LV QRW GHnQHG LV WR FRQVWUXFW
D VDPSOH VSDFH WR JXDUDQWHH WKDW WKH PRPHQW FRQVWUDLQWV FDQ EH VDWLVnHG� 7KLV FRQVWUXFWLRQ RI
SUREOHPV LQ ZKLFK WKH PHDQV DQG YDULDQFHV DUH SUHVFULEHG ZDV GHYHORSHG LQ >��@�

�� $OJRULWKPV� 7KH DOJRULWKPV WKDW KDYH EHHQ LPSOHPHQWHG DUH EDVHG RQ D PRGLnFDWLRQ RI
WKH IXQGDPHQWDO 1HZWRQ LWHUDWLRQ� ,W ZLOO EH XVHIXO WR ZULWH KHUH WKH 1HZWRQ LWHUDWLRQ IRU SUREOHP
������� )RU EUHYLW\ ZH VKDOO ZULWH J  UwK DQG *  U�wK� 8VLQJ D 1HZWRQ VFKHPH WR VROYH IRU WKH
QHFHVVDU\ �DQG VXpFLHQW� FRQGLWLRQ J  � OHDGV WR WKH LWHUDWLRQ
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ZKHUH JN  J�w�N�� DQG *N  *�w�N��� �2EVHUYH WKDW *b� FDQ IDLO WR H[LVW RQO\ LI 5�7 W� ?1�;�
LV QRW HPSW\� 6R IRU H[DPSOH * ZLOO EH LQYHUWLEOH LI SL � � IRU DOO L�� 5HWXUQLQJ WR WKH GHnQLWLRQ RI
WKH DVVRFLDWHG LWHUDWH S
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1RWH WKDW DOWKRXJK ZH DUH VROYLQJ WKH GXDO SUREOHP� WKH XSGDWH LV ZULWWHQ HQWLUHO\ LQ WHUPV RI WKH
SULPDO YDULDEOHV� )URP ������ DQG ������ WKH JUDGLHQW DQG +HVVLDQ DUH DOVR GHYHORSHG LQ WHUPV RI
WKH SULPDO YDULDEOHV�

7KH 1HZWRQ LWHUDWLRQ �����^����� ZDV GHULYHG LQ >��@� 1RWH WKDW FRQYHUJHQFH LV DFKLHYHG
ZKHQ 7Se  aP� LQ DFFRUGDQFH ZLWK 7KHRUHP ��� �FI �������� 7KH 1HZWRQ LWHUDWLRQ FRQYHUJHV
TXDGUDWLFDOO\ VR ORQJ DV WKH LQLWLDO YDOXH LV VXpFLHQWO\ FORVH WR WKH VROXWLRQ� 7KH WUXVW UHJLRQ
PRGLnFDWLRQ RI WKH 1HZWRQ DOJRULWKP FRXSOHG ZLWK 3URSRVLWLRQ ��� LQVXUHV JOREDO FRQYHUJHQFH
>�@� $ /HYHQEHUJ^0DUTXDUGW YDULDWLRQ RI WKH WUXVW UHJLRQ DOJRULWKP KDV EHHQ LPSOHPHQWHG LQ RXU
SKDUPDFRNLQHWLF DSSOLFDWLRQV�

7KH LWHUDWLRQ IRU VROYLQJ WKH LQHTXDOLW\ FRQVWUDLQHG SUREOHP �����^����� LV EDVHG RQ WKH VDPH
LWHUDWLRQ DV �����^����� DERYH� EXW XVLQJ WKH JUDGLHQW DQG +HVVLDQ GHYHORSHG LQ ������^�������

7KH PDLQ ERWWOHQHFN LQ LPSOHPHQWLQJ WKHVH DOJRULWKPV DULVHV IURP FRPSXWLQJ WKH PDWUL[
SURGXFW

*  7;77 � �����

+HUH� 7  >7LM @ LV D ?IDW� PDWUL[ RI UHDO QXPEHUV RI VL]HPdQ ZLWKP ~ Q� DQG ;  GLDJIS�� ���� SQJ
LV D GLDJRQDO PDWUL[ RI UHDO QXPEHUV RI VL]H QdQ� 7KH UHVXOWLQJ PDWUL[ KDV VL]HPdP� FRUUHVSRQGLQJ
WR WKH WRWDO QXPEHU RI FRQVWUDLQWV LQ WKH SUREOHP DQG FDQ EH FRQVLGHUHG DV D UHODWLYHO\ VPDOO PDWUL[�

��



7KH NH\ FRPSXWDWLRQDO LVVXH LV KRZ WR KDQGOH WKH FRQVWUDLQW PDWUL[ 7 � /HW T EH WKH QXPEHU
RI SUREOHP SDUDPHWHUV DQG J EH WKH QXPEHU RI FRPSXWDWLRQDO JULG SRLQWV IRU HDFK SDUDPHWHU�
7KH QXPEHU Q RI FROXPQV RI 7 LV HTXDO WR JT� ZKLOH WKH QXPEHU P RI URZV RI 7 LV WKH QXPEHU RI
FRQVWUDLQWV SUHVFULEHG IRU WKH SUREOHP� 7KH GHYHORSPHQW LQ WKH VHTXHO IRFXVVHV RQ WKH FDVH LQ ZKLFK
WKH PHDQV DQG FURVV FRUUHODWLRQV RI WKH SDUDPHWHUV KDYH EHHQ GHnQHG� OHDGLQJ WR P  �T��T� ����
2WKHU PRPHQW FRQVWUDLQWV FDQ EH KDQGOHG VLPLODUO\�

,GHDOO\� HOHPHQWV RI WKH FRQVWUDLQW PDWUL[ DUH FDOFXODWHG RQFH DQG VWRUHG LQ DQ DUUD\ VR WKDW
WKH\ FDQ EH XVHG VXEVHTXHQWO\ ZLWKRXW UH�FDOFXODWLRQ� +RZHYHU� GXH WR WKH VL]H RI WKH PDWUL[�
VWRULQJ LWV HOHPHQWV UHTXLUHV D VXEVWDQWLDO DPRXQW RI PHPRU\� 7DEOH ��� EHORZ OLVWV WKH PHPRU\
UHTXLUHPHQW 0 �LQ 0HJD%\WHV� IRU WKH PDWUL[ 7 IRU H[DPSOHV RI GLmHUHQW QXPEHUV RI SDUDPHWHUV�
0 LV FDOFXODWHG DFFRUGLQJ WR WKH IROORZLQJ IRUPXOD�

0  V e Q eP ���  V e JT eP ���

ZKHUH V LV WKH QXPEHU RI E\WHV WKDW HDFK oRDWLQJ SRLQW QXPEHU WDNHV� ,Q WKH WZR WDEOHV� V LV
DVVXPHG WR EH � DQG J LV ���

&OHDUO\� DV WKH QXPEHU RI SDUDPHWHUV T EHFRPHV JUHDWHU WKDQ �� WKH PHPRU\ UHTXLUHPHQW
0 DORQH H[FHHGV FDSDELOLWLHV WKDW D VLQJOH VWDWH�RI�WKH�DUW 3& RU ZRUNVWDWLRQ FDQ RmHU� ,QGHHG�
���� WR ����� 3& QRGHV DUH QHHGHG WR PDNH XS WKH UHTXLUHG PHPRU\ VSDFH IRU WKH T  �� FDVH�
7KHUHIRUH� JHQHUDWLQJ HOHPHQWV RI WKH PDWUL[ RQ�WKH�o\ LV FULWLFDO WR VROYLQJ SUREOHPV KDYLQJ PRUH
WKDQ � SDUDPHWHUV�

,Q WKH WDEOH EHORZ

q T QXPEHU RI SDUDPHWHUV

q P  �T� � T� � � T � � LV WKH QXPEHU RI URZV

q Q  JT LV WKH QXPEHU RI FROXPQV

q 0  PHJD%\WHV RI PHPRU\

T � � � � � � ��
P � � � � � �� ��
Q ��� ��� ��� ��� ��� ��� ����

0 ���� ��� �� ��� ����� ������ �������

7DEOH ���� 0HPRU\ UHTXLUHPHQWV IRU FRQVWUDLQW PDWUL[

7KH PDWUL[ 7 GHSHQGV RQ WKH JULG VDPSOHG LQ WKH SDUDPHWHU VSDFH� )RU HDFK N  �� �� ���� Tb��
OHW ;N  I[�N� ���� [Jb�N J | 5 EH WKH VHW RI VXSSRUWLQJ SRLQWV �UHDO QXPEHUV� IRU WKH N�WK SDUDPHWHU�
7KH JULG IRUPHG E\ WKHVH VHWV ;N LV

l  ;� d;� d c c c d;Tb� | 5T�

DQG WKH JULG SRLQWV LQ l  I[�� ���� [Qb�J FDQ EH HQXPHUDWHG DV

[M  �[M�� � [
M�
� � ���� [

MT �

Tb� ��

ZKHUH M  �� �� ���� Qb �� DQG �M�� ���� MTb�� LV WKH T�GLPHQVLRQDO UHSUHVHQWDWLRQ RI M ZLWK WKH EDVH J�
WKDW LV�

M  M� � M�J � c c c� MTb�J
Tb��
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,W LV YHU\ LPSRUWDQW WR QRWH WKDW WKH HQXPHUDWLRQ DERYH HVWDEOLVKHV D RQH�WR�RQH UHODWLRQVKLS
EHWZHHQ DQ\ JULG SRLQW DQG LWV SDUDPHWHU FRRUGLQDWHV� :LWK WKLV UHODWLRQVKLS� WKH FRQVWUDLQW
PDWUL[ 7 RI VL]H Pd Q FDQ EH GHnQHG DV IROORZV�

q )RU L  � DQG M  �� �� ���� Qb ��

7 �L� M�  ��

q )RU L  �� ���� T b � DQG M  �� �� ���� Qb ��

7 �L� �� M�  [MLL �

q )RU L  �� ���� T�T b �� �b � DQG M  �� �� ���� Qb ��
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+HUH� IRU HDFK L  �� �� ���� T�Tb �� �b �� �L�� L�� ZLWK L� ! L� LV WKH ��GLPHQVLRQDO UHSUHVHQWDWLRQ RI
L ZLWK EDVH T� WKDW LV�

L  L� � L� e T�
,Q WKLV FDVH� WKH QXPEHU RI URZV LV P  T e �T b �� � � � e T � �  T e �T � �� � � T � ��
)RU H[DPSOH� ZKHQ T  �� J  � DQG

;�  I[��� [��� [��J
;�  I[��� [��� [��J�

WKH JULG JHQHUDWHG IURP ;� DQG ;� LV

l  I[�  �[��� [���� [�  �[��� [���� [�  �[��� [����
[�  �[��� [

�
��� [

�  �[��� [
�
��� [

�  �[��� [
�
���

[�  �[��� [
�
��� [

�  �[��� [
�
��� [

�  �[��� [
�
���J

7KH PDWUL[ 7 KDV WKH IRUP
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$ VLPSOH DOJRULWKP IRU FRPSXWLQJ WKH HQWULHV 7 �L� M� LV D VWUDLJKWIRUZDUG LPSOHPHQWDWLRQ RI WKH
GHnQLWLRQ DERYH� 7KH SUREOHP ZLWK WKLV DSSURDFK LV LWV LQHpFLHQF\ ZKHQ LW LV UHTXLUHG WR FRPSXWH
DOO WKH HQWULHV RI WKH PDWUL[� 7KLV LV EHFDXVH HDFK HQWU\ QHHGV WR SHUIRUP UDWKHU WLPH�FRQVXPLQJ
GHFRPSRVLWLRQV WR FRPSXWH M�V FRRUGLQDWHV �M�� ���� MTb�� DQG L�V FRRUGLQDWHV �L�� L���

:KHQ WKH FRQVWUDLQW PDWUL[ LV XVHG LQ WKH PD[LPXP HQWURS\ FRPSXWDWLRQ� DOO RI LWV HQWULHV
ZLOO EH XVHG LQ D URZ�E\�URZ PDQQHU� )RU H[DPSOH� ZKHQ FRPSXWLQJ WKH PXOWLSOLFDWLRQ

*  7;77
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ZKHUH; LV D GLDJRQDO PDWUL[� D GRXEOH ORRS LV XVHG� %HFDXVH FRPSXWLQJ M
V FRRUGLQDWHV �M�� ���� MTb��
LV WLPH�FRQVXPLQJ� LW LV YHU\ GHVLUDEOH WR FRPSXWH 7 �V� M� DQG 7 �W� M� LQFUHPHQWDOO\�

$ FDUHIXO H[DPLQDWLRQ RQ WKH GHnQLWLRQ RI WKH FRQVWUDLQW PDWUL[ 7 DQG DQ LQFUHPHQWDO UHODWLRQ
RI �M � ��L ZLWK ML OHDGV WR DQ HpFLHQW LQFUHPHQWDO DOJRULWKP IRU JHQHUDWLQJ WKH HQWULHV RI 7 >��@�

&RPSXWLQJ WKH 'LDJRQDO 0DWUL[ '� /HW \ EH D YHFWRU RI UHDO QXPEHUV RI OHQJWK P� DQG
OHW E  77 \ EH WKH SURGXFW YHFWRU RI 77 DQG \� 7KHQ� WKH GHnQLWLRQ RI WKH GLDJRQDO HQWULHV RI WKH
GLDJRQDO PDWUL[ ' LV

'NN  H[SIEN b �J�
7R FRPSXWH WKH EN
V LQ DQ LQFUHPHQWDO PDQQHU� LW LV QHFHVVDU\ WR HQXPHUDWH HQWULHV RI WKH

PDWUL[ 7 FROXPQ�ZLVH� DV

EN  
P;
L �

7LN\L�

$Q DOJRULWKP IRU DFFRPSOLVKLQJ WKLV WDVN LV IRXQG LQ >��@�
6LQFH LW LV V\PPHWULF� WKH PDWUL[ * FDQ EH FRPSXWHG IURP WKH IROORZLQJ FRGH�

IRU V  � WR P�� GR

IRU W  V�� WR P�� GR

%�V� W�  ���

IRU M  � WR Q�� GR

*�V� W�  7�V� M�
;�M� M�
7�W� M�

HQG GR

*�W�V� *�V�W�

HQG GR

HQG GR

�� ([DPSOHV� 7KH IROORZLQJ H[DPSOHV LOOXVWUDWH WKH PD[LPXP HQWURS\�PRPHQW PDWFKLQJ
PHWKRG GHYHORSHG KHUHLQ� 7KH LQLWLDO GDWD IRU WKHVH SUREOHPV DUH FRQWDLQHG LQ WKH WDEOH EHORZ�
7KH SDUDPHWHUV DUH GHULYHG IURP SUHVXPDEO\ QRUPDOO\ GLVWULEXWHG SRSXODWLRQ GDWD RI WKH GUXJ
GLJR[LQ >��� ��@�

3DUDPHWHU 1XPEHU 5DQJH 0HDQ 6WG� 'HY

9 �b ��� ���� ����H��
.V �b ���H�� ����H�� ����H��
.FS �b ��� ����H�� ����H��
.SF �b ���H�� ����H�� ����H��
.D �b ��� ����H�� ����H��

7DEOH ���� 'LJR[LQ 3RSXODWLRQ 'DWD
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7KH SKDUPDFRNLQHWLF PRGHO IRU GLJR[LQ LV VKRZQ LQ WKH EORFN GLDJUDP EHORZ�

Central
Comp

Peripheral
  Comp

  V

Kel

KcpKpc

Absorptive
   Comp

Ka

)LJ� ��� 'LJR[LQ 3KDUPDFRNLQHWLF 0RGHO

7KH SDUDPHWHUV DUH 9� ZKLFK LV WKH DSSDUHQW YROXPH RI GLVWULEXWLRQ RI WKH FHQWUDO FRPSDUW�
PHQW� .FS WKH UDWH FRQVWDQW IURP WKH FHQWUDO WR SHULSKHUDO FRPSDUWPHQW� .SF WKH UDWH FRQVWDQW
IURP WKH SHULSKHUDO WR FHQWUDO FRPSDUWPHQW� .D WKH DEVRUSWLRQ UDWH FRQVWDQW� DQG .V� ZKLFK LV WKH
OLQHDU WHUP LQ WKH UHQDO FRPSRQHQW RI WKH HOLPLQDWLRQ UDWH FRQVWDQW .HO� .HO  .LQW�.V e&&U
�&&U FUHDWLQLQH FOHDUDQFH�� 7KLV WKUHH FRPSDUWPHQW PRGHO FRUUHVSRQGV WR WKH OLQHDU RUGLQDU\
GLmHUHQWLDO HTXDWLRQ�

B[  $[�%X�

ZKHUH

$  

�
#b�.HO �.FS� .SF .D

.FS b.SF �
� � b.D
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7KH WKHUDSHXWLF REMHFWLYH LV RIWHQ WR PDLQWDLQ D VSHFLnHG VHUXP OHYHO RI WKH GUXJ� ]� LQ WKH FHQWUDO
FRPSDUWPHQW E\ DGPLQLVWUDWLRQ RI WKH GUXJ YLD WKH FRQWURO WHUP X� 7KLV REMHFWLYH LV GHnQHG DV

]  >� 9 � �@[�

(DFK SRVVLEOH YDOXH RI WKH �^WXSOH RI SDUDPHWHUV GHnQHV D PRGHO� 7KH SUREDELOLW\ GLVWULEXWLRQ
GHnQHV WKH OLNHOLKRRG RI WKDW PRGHO� ,Q WKH PXOWLSOH PRGHO DSSURDFK LW LV DVVXPHG WKDW RQH RI WKHVH
PRGHOV GHVFULEHV WKH SDWLHQW� 7KH PD[LPXP HQWURS\ DOJRULWKP LV XVHG WR LQLWLDOL]H WKH SUREDELOLW\
GLVWULEXWLRQ EDVHG RQ WKH SRSXODWLRQ SKDUPDFRNLQHWLF PRGHO H[LVWLQJ DW WKH EHJLQQLQJ RI WKHUDS\�

$ XQLIRUP JULG FRQVLVWLQJ RI �� SRLQWV SHU YDULDEOH ZDV XVHG WR GHnQH WKH XQGHUO\LQJ VDPSOH
VSDFH� 7KH SULPDO SUREOHP LQ WKLV FDVH FRQVLVWHG RI ��� YDULDEOHV DQG �� FRQVWUDLQWV XVLQJ WKH PHDQV
DQG YDULDQFHV IURP 7DEOH ���� 7KH DOJRULWKP FRQYHUJHG IRU YDOXHV RI l  ��b� DQG l  ��b�� �FI�
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������ DQG GLG VR LQ IHZHU WKDQ �� LWHUDWLRQV IRU HDFK RI WKHVH YDOXHV RI l� 7KH nJXUHV EHORZ VKRZ
WKH FRQYHUJHQFH KLVWRU\� 1RWH KRZ WKH FRQYHUJHQFH LQ HDFK RI WKHVH H[DPSOHV LV LQLWLDOO\ OLQHDU� EXW
XOWLPDWHO\ EHFRPHV TXDGUDWLF� DV SUHGLFWHG IURP WKHRU\ >�@�
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)LJ� ���� (UURU &RQYHUJHQFH� l  ��b��OHIW� l  ��b�� �ULJKW�

7KH FRPSDULVRQ EHWZHHQ WKH D SULRUL HVWLPDWHV DQG WKH PRPHQWV REWDLQHG LQ WKH GLVWULEXWLRQ
JHQHUDWHG E\ WKH PD[LPXP HQWURS\ PHWKRG LV JLYHQ LQ WKH WDEOH EHORZ� 7KH nUVW nYH URZV FRQWDLQ
WKH PHDQ YDOXHV RI WKH SDUDPHWHUV 9� .V� .FS� .SF� DQG .D� UHVSHFWLYHO\� ZKLOH WKH ODVW nYH URZV
FRQWDLQ WKH YDOXHV RI WKHLU VHFRQG PRPHQWV�

7DEOH ��� 0RPHQW &RPSDULVRQ

RULJLQDO PRPHQW HVWLPDWHG PRPHQW l ���H��� HVWLPDWHG PRPHQW l ���H���
������H��� ������H��� ������
������H��� ������H��� ������H���
������H��� ������H��� ������H���
������H��� ������H��� ������H���
������H��� ������H��� ������H���
������H��� ������H��� ������H���
������H��� ������H��� ������H���
������H��� ������H��� ������H���
������H��� �������H��� ������H���
������H��� ������H��� ������H���
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7KH HUURUV LQ WKH nQDO PRPHQWV DUH ZLWKLQ WKH ERXQGV GHnQHG E\ l� ZKLFK ZRXOG \LHOG
PD[LPXP HUURUV RQ WKH RUGHU RI ��b� IRU HDFK PRPHQW ZKHQ l  ���H���� DQG HUURUV RQ WKH RUGHU
RI ��b� ZKHQ l  ���H���� 2I FRXUVH LW ZRXOG EH ZLVH WR VFDOH DOO RI WKH YDULDEOHV WR DSSUR[LPDWHO\
XQLW\ WR DFKLHYH D PRUH XQLIRUP GLVWULEXWLRQ RI HUURU� 7KH KLVWRULHV RI WKH HQWURS\ YDOXHV DV D
IXQFWLRQ RI WKH LWHUDWLRQ QXPEHU LV VKRZQ IRU WKHVH WZR VROXWLRQV LQ WKH nJXUHV EHORZ� 1RWH WKDW
WKH nQDO HQWURS\ LV JUHDWHU� DV H[SHFWHG� ZKHQ l LV ODUJHU�
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)LJ� ���� &RQYHUJHQFH RI (QWURS\� l  ��b��OHIW� l  ��b�� �ULJKW�

�� &RQFOXGLQJ 5HPDUNV� 0D[LPXP HQWURS\�PRPHQW PDWFKLQJ PHWKRGV SURYLGH D SRZ�
HUIXO PHDQV IRU FRQVWUXFWLQJ GLVFUHWH SUREDELOLW\ GLVWULEXWLRQV IURP FRQWLQXRXV SDUDPHWULF GDWD�
7KLV FRQVWUXFWLRQ KDV LPSRUWDQW DSSOLFDWLRQV WR SKDUPDFRNLQHWLF FRQWURO SUREOHPV WKDW UHO\ RQ
GLVFUHWH SUREDELOLW\ GLVWULEXWLRQV IRU WKHLU LPSOHPHQWDWLRQ VXFK DV PXOWLSOH PRGHO DGDSWLYH FRQ�
WUROOHUV >�@� $OWKRXJK WKH DOJRULWKPV GHYHORSHG LQ WKLV SDSHU ZHUH WDUJHWHG IRU WKLV DSSOLFDWLRQ�
WKH\ DUH JHQHUDOO\ DSSOLFDEOH WR RWKHU HQWURS\ PD[LPL]DWLRQ SUREOHPV ZLWK OLQHDU FRQVWUDLQWV DV
ZHOO� VXFK DV WKRVH WKDW DULVH LQ LPDJH UHFRQVWUXFWLRQ�

$OJRULWKPV EDVHG RQ WKH WKHRU\ LQ 6HFWLRQV �^� KDYH EHHQ LPSOHPHQWHG LQ VRIWZDUH SURJUDPV
>��@� 7KH XVHU FDQ VHOHFW HLWKHU WKH HTXDOLW\ RU LQHTXDOLW\ FRQVWUDLQHG RSWLRQV� )RU WKH HTXDOLW\
FRQVWUDLQHG RSWLRQ� WKH XVHU PD\ HLWKHU GHnQH WKH VDPSOH VSDFH� RU WKH VDPSOH VSDFH FDQ EH
DXWRPDWLFDOO\ JHQHUDWHG YLD D PHWKRG LQ >��@ ZKLFK JXDUDQWHHV IHDVLELOLW\ RI WKH SUREOHP� ,I WKH
XVHU ZLVKHV WR GHnQH WKH VDPSOH VSDFH� WKH LQHTXDOLW\ FRQVWUDLQHG SUREOHP LV D EHWWHU VHOHFWLRQ
RI DOJRULWKP� VLQFH LW LV JHQHUDOO\ QRW NQRZQ D SULRUL ZKHWKHU D VROXWLRQ ZLWKLQ D SUHVFULEHG
WROHUDQFH FDQ EH DWWDLQHG IRU WKH HTXDOLW\ FRQVWUDLQHG SUREOHP� 7KH VRIWZDUH LPSOHPHQWDWLRQ RI
WKH LQHTXDOLW\ FRQVWUDLQHG DOJRULWKP DGMXVWV WKH YDOXH RI l LQ ����� YLD D ELVHFWLRQ DOJRULWKP XQWLO
D IHDVLEOH SUREOHP LV IRUPXODWHG� 7KHVH DOJRULWKPV KDV EHHQ VXFFHVVIXOO\ DSSOLHG WR SUREOHPV ZLWK
DV PDQ\ DV ������� SULPDO YDULDEOHV� DV GHPRQVWUDWHG LQ 6HFWLRQ ��

&XUUHQW ZRUN IRFXVHV RQ H[WHQGLQJ WKHVH SURJUDPV VR WKDW WKH\ FDQ DFFRPPRGDWH HLJKW RU
PRUH SDUDPHWHU SUREOHPV ZLWK ��� RU JUHDWHU SULPDO YDULDEOHV� 7KH FSX WLPHV UHTXLUHG WR nQG WKH
PD[LPXP HQWURS\ GLVWULEXWLRQ IRU WKH � SDUDPHWHU SUREOHP SUHVHQWHG LQ 6HFWLRQ � ZHUH W\SLFDOO\
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RQ WKH RUGHU RI ��� VHFRQGV RQ D 6XQ 8OWUD 6SDUF � ZRUNVWDWLRQ� /DUJHU SUREOHPV DUH SURKLELWLYH
RQ ZRUNVWDWLRQV� DQG WKLV PRWLYDWHG WKH PHWKRGV GHVFULEHG LQ 6HFWLRQ � IRU UHGXFLQJ PHPRU\
UHTXLUHPHQWV DQG LPSURYLQJ H[HFXWLRQ WLPHV� )XUWKHU VSHHGXS LV DQWLFLSDWHG E\ SDUDOOHOL]LQJ WKH
PDWUL[ FRPSXWDWLRQV LQ WKH LPSOHPHQWDWLRQ RI WKH DOJRULWKPV�
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